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Abstract
Meshless particle methods, a group of simulation approaches that gains attention in the recent years in engineering
and physics, are in the focus of this article. By means of application examples from diﬀerent engineering contexts,
we demonstrate how such methods, especially smoothed particle hydrodynamics and the discrete element method can
be used as valuable numerical simulation tools, e.g., in design processes. We provide a simulation example from rock
mechanics that demonstrates how the breakage of granite material can be simulated using an enhanced discrete element
method approach. The simulation of very soft granular matter based on deformable tetrahedral particle elements, as it
might be useful for the simulation of e.g. silicon materials, is another example that emphasizes the ﬂexibility of particle
methods. Moreover, we show how cutting processes may be investigated using a smoothed particle hydrodynamic based
simulation approach for elasto-plastic solids. Finally, we provide examples for the application of smoothed particle
hydrodynamic ﬂuid-multibody simulations to co-simulate sloshing processes.
c© 2013 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Jorge Ambrosio and Xiaojing
Zheng.
Keywords: meshless methods, smoothed particle hydrodynamics, discrete element method, ﬂuid structure interaction,
sloshing, cutting processes
1. Introduction
Mesh-based simulation techniques are well established in contemporary computational engineering. Yet
there are certain types of processes, many of those actually, where typical continuum approaches fail or are
not suﬃciently ﬂexible. In some cases, the simulated matter consists of disjoint parts that remain disjoint
throughout the entire simulation, e.g. in granular ﬂows. In other cases, when matter is separated into pieces,
as it is the case in cutting processes, the initial continuum gradually becomes discontinuous during the
simulation. Matter may also undergo permanent separation and rejoining such as in tank sloshing processes.
In many of these scenarios in solid and ﬂuid mechanics most of the traditional ways of modeling that involve
grid based approaches are not feasible. Permanent remeshing and surface tracking would be inevitable which
would result in highly degraded accuracy. This lack of accuracy could only be remedied by spending a high
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computational expense – not to mention the diﬃculties with handling millions of contacts between bodies
by means of a mesh based approach.
Meshless particle methods, an apparently quite new group of methods, on the other hand are very well
suited to deal not only with discontinuities and complex boundary conditions but also with most other of the
aforementioned issues. But are these methods actually new? The fact is, many meshless particle methods
were developed back in the seventies when the available computing power was only suﬃcient to simulate
a restricted number of particles which was insuﬃcient for most real life applications. That is why some
of these methods were almost forgotten in the meantime. Fortunately, some of them were continued to be
developed almost in silent for decades by groups of enthusiasts.
It turns out that only few of the seemingly fashionable meshless methods are actually new. Due to the
tremendous growth of computing power, numerical simulations have become an accepted predictive tool
in most industries. While engineers permanently conquer new ﬁelds of application some of them critically
check their tools once in a while and look around for better ones. In the course of reevaluating tools some of
the ancient particle methods were dug out, revived, and sometimes applied in a completely new fashion. An
example for such a method is smoothed particle hydrodynamics (SPH). Today a major tool for predicting
sloshing ﬂows, the method was initially developed in astrophysics to simulate crashing galaxies.
The general approach of most meshless particle methods resembles: a set of individual particles is simu-
lated whose dynamic motion is inﬂuenced by an interchange of momentum. As there is no lasting, i.e. time
coherent structure such as a simulation grid, the momentum or more generally speaking, the information
interchange between particles may not follow an a-priori known pattern. Some methods, including those
presented in this paper, rely on short range particle interactions, hence it is suﬃcient to know which parti-
cles are adjacent. This requires a dynamic detection of particle neighborhoods to determine which particles
interchange information. This neighborhood search, an important part of the particle interaction detection,
is a key feature of this type of methods. It consumes a major percentage of the computing time, especially in
highly dynamic simulations, where it has to be carried out frequently as particle adjacencies change rapidly.
On the other hand, transient particle interactions are crucial for the general possibility to simulate material
separation. Once the current information interchange pattern between particles has been established via
the neighborhood search, diﬀerent kinds of physical quantities are exchanged, such as momentum or heat.
The type of quantities to be exchanged depends on the actual particle method. The particle information
interchange is carried out in every simulation step of the dynamic simulation. It yields the input for the
last process step that is common to most particle methods, the time evolution of certain variables, such as
particle position and velocity. This last step is equivalent to solving the dynamic equations of motion of the
individual particles by means of numerical time integration.
Although, there are many similarities between diﬀerent meshless particle methods, there are also major
diﬀerences when it comes to the foundation of the various methods. The discrete element method (DEM)
that was initially designed for the simulation of granular media, treats particles as individual parts of material
with a ﬁnite geometrical extension. A particle can represent a granule, a pebble, a rock, or something
else. The information interchange often consists of an interchange of momentum during particle-particle
contact. It is then crucial to detect the exact surface contact conditions between particles as accurately as
possible for being able to compute elastic and viscous repulsive forces normal to the region of contact as
well as tangential friction forces. The more precise the shape of the simulated particles is considered in
the numerical simulation, the more accurate results can be expected. However, it is obvious that a more
complex shape is prone to cause a higher computational expense when it comes to contact detection. In
a simulation the shape of the simulated particles may be arbitrarily chosen – a feature that is exploited to
minimize the computational expense for contact detection. When millions of particles are to be simulated,
it is quite common to use spherical particles in the numerical model even though the real material consists
of more complex shapes. The error induced by the often drastically simpliﬁed geometry is compensated
by means of adjusting certain contact parameters, such as friction or damping parameters, in a way that the
overall behavior of the granular system resembles the one of the physical system.
The SPH method, in contrast to the DEM, is based on a continuum model. The governing equations
of the respective continuum, e.g. the Navier–Stokes equations for ﬂuids or the partial diﬀerential equations
of elastodynamics, are solved approximately in their weak form. Thereby, the particles do not represent a
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ﬁnite volume of matter but a ﬁnite mass quantity of undeﬁned shape. The term particle in this context merely
refers to the interpolation points that are necessary to gain a smoothed representation of the involved ﬁeld
quantities. To every particle a ﬁnite mass is assigned and a set of solution variables involving the particle
position and velocity. These solution variables are smoothed, i.e. interpolated in the space between the
particles to gain an approximation of the actual ﬁeld quantities. The value of a ﬁeld quantity at a spacial
point can be directly computed from the respective variables of the particles in its vicinity. An important
aspect of this modeling approach is that the interpolation points and thus the discretization moves with
the ﬂow. This is probably one of the greatest and most powerful diﬀerences to mesh based simulation
techniques.
In many application scenarios, the mechanical model has to account for diﬀerent types of dynamic sub-
systems, e.g. if there is a machine with diﬀerent parts, some of them quite rigid others deformable interacting
with a ﬂuid. Such a system is frequently treated by choosing diﬀerent approaches for the diﬀerent types of
subsystems, e.g. a ﬂexible multibody system model (MBS) for the rigid and deformable machine parts and
another simulation approach, e.g. an SPH model, for the ﬂuid. When the dynamics of the subsystems is
strongly coupled, the overall dynamics has to be simulated as a whole. It is typical in such cases that the
subsystem models are generated and simulated with diﬀerent numerical tools. To gain a dynamic simulation
of the overall dynamics, a co-simulation of the diﬀerent individual approaches has to be performed. For the
present work, we adopted the co-simulation approach to couple a rigid multibody system and an SPH and
DEM particle system, see Sects. 5 and 6. Figure 1 illustrates the information ﬂow of such a co-simulation
using the example of tank sloshing in a tank truck.
Fig. 1. Co-simulation data exchange in a tank truck sloshing simulation
This article presents a number of applications of meshless particle methods of diﬀerent types to demon-
strate the viability of this group of methods in contemporary engineering. Starting with an application of
the DEM to the simulation of brittle failure of rock material in Sect. 2, we demonstrate in Sect. 3 a modiﬁed
approach based on ﬁnite elastic particles that can be used to simulate solid waves in concrete material that
may lead to cracking. In the ﬁeld of modeling ductile materials to be used in production and machining,
cutting and chipping processes are chosen as an example for applying the SPH method to solids where we
exploit one of its key features, that the method inherently allows a continuum to be separated into parts, see
Sect. 4. Two examples of ﬂuid structure interaction conclude the paper, both coupling SPH and multibody
dynamics, to simulation a pendulum ﬂuid impact in Sect. 5 and to investigate tank sloshing during fuel truck
driving maneuvers in Sect. 6.
2. Modeling of breakable ballast stones
Railroad ballast degradation and track settlement have become increasingly important issues in railroad
engineering due to higher train speeds and axle loads. In order to develop an in depth understanding of
the phenomena occurring inside of the ballast, either highly expensive and time consuming experiments or
detailed simulations must be conducted. While multibody system models allow the simulation of the track
164   Peter Eberhard et al. /  Procedia IUTAM  10 ( 2014 )  161 – 179 
with respect to vehicle dynamics, models that account for the discrete nature of the ballast are required to
investigate phenomena occurring inside of the railroad track bed. The DEM has successfully been applied
to investigate the behavior of railway ballast, see e.g. [1, 2]. The used DEM models are often based on
geometrically simple shapes of the breakable bodies, i.e. disks or spheres. Diﬀerent approaches to create
complex shaped stones have been proposed [3, 4], but they are not able to consider breaking or degradation
processes. Based on [5–8], a DEM model is presented in this section, which describes ballast as a set of
angular stones which are made of breakable rock material. Thus, the presented model includes breaking of
complex shaped ballast stones.
2.1. Discrete element modeling of ballast stones
The DEM can be extended to the simulation of granular solids by introducing lasting particle bonds that
generate forces even in case of negative overlap, i.e. a gap, between two bonded particles. Modeling of
rocks by using breakable bonded spherical particles is here often considered the most viable approach [1, 9].
A granular solid is generally created by bonding adjacent particles from a dense packing. A variety of
approaches exists for the generation of such a packing, see e.g. [10] and references therein. A homogeneous
and isotropic sphere packing may be obtained by compression of the volume containing the particles or
by expansion of the particles inside of a ﬁxed domain. In [6] it is proposed to employ a radius expansion
scheme that introduces a dependency of a particle’s individual normalized growth rate on its coordination
number. It is shown in [5] that such a scheme leads to an increase of the average coordination number
compared to standard procedures while particle overlap is kept small.
Fracture and failure phenomena can be easily incorporated in these models by removing or weakening of
bonds based on suitable failure criteria. The advantage of this approach is that multiple fractures at arbitrary
locations of the solid may happen. It is not necessary to initiate artiﬁcially cracks as it is often the case
in extended ﬁnite element methods [11]. The crack path is only limited by the discretization, i.e. fracture
occurs on the level of bonds between unbreakable particles. In contrast to real rock, bonded particle models
do not feature singular stress concentrations near crack tips and instable crack propagation. Therefore, a
progressive failure model is introduced in [5, 12]. This failure model locally accumulates damage in such a
way, that the strength of a bond between two particles is reduced if any bond associated with these particles
breaks. Thus, breakage of the bonds of a particle will successively reduce the strength of the remaining
bonds of this particle.
The strength of a ballast assembly depends strongly on the shape and angularity of its ballast stones.
In [8] it is proposed to generate angular ballast stones made from previously generated breakable granular
solids. Thereby single ballast stones are extracted from a large sphere packing by removal of the unnecessary
particles. A mathematical description of the ballast stones is used, which is based on tangent planes on
ellipsoids. An exemplary realization of stones generated by this approach is shown in Fig. 2. It is apparent
that planar faces and sharp edges are formed. The sharpness of the edges is blurred to a small extend by
model resolution, i.e. particle size. The projection of the DEM stones is clearly polygonal and compares
well to the general shape of real stones.
2.2. Validation and simulation results
The strength of single ballast stones can be investigated by compression between two parallel
platens [6, 8]. In [13] an extensive experimental study of the strength of single ballast stones shows that the
strengths follow the Weibull distribution reasonably well. Thereby, a characteristic stress is deﬁned as the
ratio of applied force F and platen distance d, as σchar = F/d2 [13]. An average strength σ0 is deﬁned as the
value of the characteristic stress such that 1/e ≈ 37% of the stones survive [13]. Stones comprising diﬀerent
numbers of particles are tested by simulation and analyzed statistically. The strength σchar is calculated
and the contact pressures pmin = F/Amax and pavg = 2F/(Amin + Amax) are determined using the larger and
the average contact area, respectively, see [8]. From these simulations a survival probability Ps is
calculated [13, 14]. The data points of a series of tests on 20 stones with each about N = 700 particles are
plotted in Fig. 3. The results indicate that the behavior of the DEM stones is reasonably close to a Weibullian
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behavior. The shape of the plots of all measures of strength is comparable and a slight curvature to the right
is observed. This is in good agreement with the experimental results presented in [13].
Fig. 2. Realization of a ballast stone. The lighter the color the larger the distance of the particles to the center of mass of the stone
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Fig. 3. Weibull plots of diﬀerent measures of strength for DEM ballast stones
The indentation of a sleeper in a ballast bed is used to demonstrate the applicability of the DEM to study
degeneration processes in ballast beds, see Fig. 4. The aggregate consists of 324 stones each comprising
slightly more than 1 000 particles in average, resulting in a total of 331 000 particles. In the simulations the
sleeper is slowly pressed into the ballast at a constant rate until a vertical strain of 15% is reached, which is
measured as the ratio of sleeper displacement to the initial height of the aggregate.
Fig. 4. Simulation of a ballast bed loaded by a sleeper
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The development of the resultant stress on the sleeper and the number of broken bonds are shown in
Fig. 5. The stress increases linearly with deformation until a maximum of 4.7 MPa is reached at 0.6% strain.
Thereafter, the stress decreases and ﬂuctuates between about 2 and 4 MPa while the number of broken bonds
increases very slowly until the strain reaches 9%. At the very beginning of the simulation, a small number
of bonds break due to the preload resulting from the simulated specimen compaction procedure. This means
that the deformation is based on densiﬁcation and rearrangement of the stones. The stress level observed
here is in agreement with the yield stresses in experimental oedometer tests [1]. Beyond 7% strain the stress
shows a generally increasing trend towards 6.5 MPa at 15% strain. Starting at a strain of about 10% the
deformation is no longer solely based on rearrangement but the number of broken bonds increases strongly
and the damaged stones allow for further compaction. Breakage is most prominent in the area below the
sleeper where it is ﬁrst noticed and then proceeds towards the bottom of the ballast box, as it might be
expected. The bond breakage events are initially limited to the surface of the stones. Especially corners
and faces in contact with corners are subject to damage. In an advanced stage of failure complete diametral
breakage of a few stones is also observed, which is consistent with experience.
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Fig. 5. Development of stress and breaking of bonds during strain controlled loading of a ballast bed
3. Deformable tetrahedral DEM particles
The ability to model complex geometries and structures extends the ﬁeld of application of DEM [15],
as shown before. There are approaches to model granular structures by establishing lasting bonds amongst
spherical particles, see [7, 16, 17] and polyhedral particles [18, 19]. These approaches require sophisticated
identiﬁcation and calibration methods for many model parameters, concerning both the particles itself and
the particle bonds. Within this scope an alternate approach is chosen: The particle ensemble should be able
to model non-convex domains as well as domains concluding holes, gaps or cavities. Also, the particles
should be deformable and just a few physical parameters should be required to describe their mechanical
properties. One particle class fulﬁlling these requirements is the tetrahedral particle, showing the simplest
geometry with planar faces in three space dimensions. This class of particles may be regarded as stiﬀ or
elastic; the particles may establish breakable bonds to other particles via their faces and may interact with
other non-bonded particles by penalty laws [20].
3.1. Elastic tetrahedra
The tetrahedral particle is characterized by four non-coplanar nodes, four planar faces, six straight edges
and the material parameters density ρParticle, Young’s modulus EParticle and Poisson’s ratio νParticle. The spacial
orientation of the particle is described by its translational and rotational state. In order to generate an
ensemble consisting of multiple tetrahedra, these single tetrahedra have to be connected. Rod or beam akin
bonds that are addressing the center of gravity of the intending particles are not suitable for deformable
particles due to the protean location of the center of gravity. Therefore, surface bonds addressing particle
faces are used. These bonds are maintained by continuous distributed forces acting on the linked faces.
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The surface bonds are established at a certain time step. First, pairwise suitable tetrahedra are identiﬁed
by neighborhood detection algorithms [21]. Second, the three closest node pairs and therewith the to be
linked faces of the two tetrahedra are identiﬁed. The forcelaw is established for a single inﬁnitesimal ﬁber
and integrated across the linked faces. When the overall force value exceeds a certain limit in the initial
step, the bond is not established. Otherwise, the resulting force is imposed on the nodes using barycentric
coordinates [22], see Fig. 6. Throughout the simulation, the bond’s integrity is checked and compared
against the breakage stress limit. By exceeding this limit the surface bond annihilates, resulting in a breakage
of the domain.
Fig. 6. Two coupled tetrahedral DEM particles
To decompose the geometry of a domain into standardized elements, a meshing method is applied. The
domain decomposition is applied initially and results in the deﬁnition of the particle nodes. For the desired
type of particles tetrahedral meshing methods are applied. One of those methods is the constrained Delaunay
tetrahedralization (CDT), implemented in TetGen [23]. TetGen is a mesh generator library written in C++
that allows the usage of various input ﬁle formats, the deﬁnition of a maximum volume criterion as well as
the reﬁnement of the mesh within desired regions. The particle software package Pasimodo [24] utilizes the
abilities of TetGen as a shared library.
The stresses and strains within this elastic tetrahedron are calculated following a Galerkin-based ap-
proach. Therefore, linear shape functions, that can also be found in FEM approaches, are used [25]. The
particles are assumed to be isotropic which leads to a symmetric stiﬀness matrix expressed in terms of the
physical parameters Young’s modulus EParticle and Poisson’s ratio νParticle. The tetrahedral particles stiﬀ-
ness matrix is used to calculate the corresponding nodal forces by comparing the deformed state with the
undeformed reference state.
3.2. Simulation results
To demonstrate the potential of the deformable tetrahedral particles, a center-clamped beam simulation
setup is chosen. The square cross-section has an edge length of a = 2 m and a total length of l = 20 m. The
domain is discretized with 1 936 tetrahedral particles resulting in 3 384 surface bonds. The non-uniform
discretized beam and the ﬁxing area are shown in Fig. 7 whereat each particle is represented by varying
colors. The mass of each particle is derived by the particles volume and the density ρ = 900 kg/m3.
Fig. 7. Initial setup of the discretized beam
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Interior forces are calculated with regard to the particles Young’s modulus EParticle = 108 MPa and
Poisson’s ratio νParticle = 1/3. The stiﬀness of the surface bonds is assumed to be ten times higher, i.e.
EBond = 109 MPa, and the stress limit for breakage is set to σBreak = 5× 104 N/mm2. This setup is subjected
to gravity.
Due to gravity and particles masses, both sides of the beam bend in direction of the body force. The
resulting curvature of the beam looks as expected, see Fig. 8. Located next to the bearing point there are
the particles that are subjected to the maxima of the resulting stress. Consequently, the established surface
bonds within this region are facing stress-maxima. The stress limit for breakage σBreak is exceeded there
ﬁrst and subsequently the annihilation of surface bonds is initiated.
Fig. 8. Distribution of von Mises stress before breakage (red: high stress; blue: low stress)
The initial position of breakage and the breakage process itself are governed by the non-uniform and
random domain decomposition process. The distance of the initial breakage varies between both sides of
the bearing point, see Fig. 9. Proceeding from the initial breakage, the breakage process diﬀers. On the right
side, the breakage is characterized by a subsequent annihilation of surface bonds from top to bottom and
therewith seems to be like a slide of the particles. On the left side, the breakage velocity is slower than on
the other side and the direction of the annihilation of the surface bonds is horizontal. As a result, a remaining
oﬀ-centered surface bond induces spinning of the beam. After the break at the bearing point has happened
the determining forces are a result of the deformation of the particles and the resulting interior forces. This
yields the beam pieces to recurve itself them to their initial state as shown in Fig. 10.
Fig. 9. Detail view of the area of fracture (red: high stress; blue: low stress)
Fig. 10. Von Mises stress and shape of the beam after breakage (red: high stress; blue: low stress)
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4. Coupled smoothed particle hydrodynamics and multibody systems cutting simulation
Machining is one of the most important processes within the framework of industrial production. Since
a single simulation tool is not capable of handling all the diﬀerent aspects of a cutting process in a satisfying
way, e.g. the separation of a chip from the remaining workpiece, co-simulation approaches that couple
multibody system [26] simulation software with software to simulate solid material, as for example the
FEM [25], are used. Due to several drawbacks of the often used mesh-based methods, e.g. the need to
remesh the structure when observing large deformations as described in [27], we coupled MBS software
with the program package Pasimodo [24] instead. In this context, meshless methods, that do not show these
disadvantages, are available for the simulation of the workpiece model. In [28] it is shown that when using
the meshless DEM [15], the behavior of real cutting specimens can be reproduced on both a qualitative and
a quantitative level. In the presented investigations, we use the SPH method introduced in [29, 30] for the
simulation of cutting material, because, in contrast to the aforementioned DEM, it is directly based on the
continuum equations [31] and, as a result of its more natural material description, supersedes to perform
pre-simulations in order to determine unphysical model parameters.
4.1. Cutting process model
To illustrate the applicability of the presented co-simulation approach to model the process of cutting
metal, an orthogonal cutting example is considered. The orthogonal cutting setup embodies an elementary
cutting process where the motion of the tool is perpendicular to the cutting edge. When assuming a suf-
ﬁciently large width of cut compared to the chosen depth of cut, a two-dimensional state of stress can be
found for the processed workpiece [32]. On account of the two-dimensional state of stress, the cutting pro-
cess becomes a planar problem and two-dimensional models, as the one shown schematically in Fig. 11, can
be employed for it. On the one hand, there is the MBS representation of the cutting machine, consisting of
the cutting tool body, spring-damper-combinations representing the ﬂexible structure and the environment.
On the other hand, there is the particle simulation with the particle model of the workpiece using a regu-
lar lattice with quadratic cells for the arrangement of the SPH particles. To prevent the workpiece model
from following an unconstrained translational motion, some additional rows of SPH particles that are ﬁxed
in space are attached to the bottom of the specimen. Detailed information on the employed co-simulation
cutting setup can be found in [33].
Fig. 11. Co-simulation model including an MBS representation of the cutting tool and a particle model of the workpiece
4.2. Enhanced SPH continuum formulation
Machining processes are characterized by large deformations of the processed material, high velocities
of the cutting tools as well as changes in the temperature of both the machined workpieces and the tools
induced by dissipative processes, such as plastic deformation and friction. Against this background, the
method used to simulate cutting processes has to be able to handle the aforementioned mechanisms in a cor-
rect way. In order to meet these special requirements demanded by the simulation setup and to improve the
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quality of our cutting model and, thus, the signiﬁcance of the obtained simulation results, the employed ba-
sic SPH formulation for solid bodies has been extended with regard to the main characteristics of machining
processes by introducing enhanced variants of plasticity models.
One of the most common, but at the same time quite simple experimental setups used to characterize the
behavior of real solid matter is the tensile test [34]. Within this framework, the experimentally determined
stress–strain curves can be used for a comparison with the simulated ones while employing diﬀerent plastic-
ity models that specify the relationship between stress and strain within the plastic region for the simulated
material. When simulating a tensile specimen with the original SPH method using an elastic-perfectly plas-
tic ﬂow model as presented in [35], it is possible to imitate the behavior of the real material only to a certain
degree. As shown in Fig. 12, the stress–strain curve of the SPH specimen shows a linear relationship be-
tween stress and strain within the elastic region. There, the stress–strain relation follows Hooke’s law and,
thus, its slope corresponds to the preset value of Young’s modulus. In addition, the transition from elastic
to plastic behavior for the simulated specimen is initiated when the experimentally obtained yield stress is
reached.
The elastic-perfectly plastic ﬂow model in its initial formulation is not able to reproduce the hardening
eﬀect that can be observed when looking at the stress–strain curve of the experimental specimen. Since the
material used for cutting processes experiences large deformations, the plasticity model has to be modiﬁed
in such a way that the mentioned shortcoming is compensated. To achieve a satisfactory imitation of the
plastic behavior of real matter in the simulation, the perfectly plastic model is, at ﬁrst, extended to an
incremental formulation of the piecewise linear (PL) relation [36] between von Mises equivalent stress and
corresponding strain. At this, k denotes the parameter transferring the slope of the initial, ideally elastic
stress–strain relation into the one used for plastic behavior. As can be seen in Fig. 12, the congruence
between the experimental and the simulated curve when using the PL model for the plastic region is better
than the one obtained for the perfectly plastic model, but still quite bad. Especially useful for materials with
smooth elastic-plastic transition, like the one used for the presented investigations, is the Ramberg–Osgood
(RO) relationship introduced in [37]. Using the RO relationship, it is possible to reproduce the experimental
stress–strain curve very well as shown in Fig. 12.
Fig. 12. Stress–strain curves obtained from a tensile test using diﬀerent plasticity models
Another plasticity model showing a high potential to achieve a level of agreement between the exper-
imental and the simulated results comparable to the one reached with the RO formulation is the purely
empirical Johnson–Cook (JC) ﬂow stress model given in [38]. In addition to the RO relationship, the JC
model also takes the consisting interdependencies between the stress–strain behavior and the material tem-
perature as well as the strain rate into account, Fig. 13, which are very important aspects in the context of
cutting simulations. For all implemented constitutive models the so-called Bauschinger eﬀect [39], which
describes the phenomenon of a direction-dependent modiﬁcation of the yield strength after previous plas-
tic deformation, is taken into consideration. This can be seen when analyzing the curves given in Fig. 14,
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showing the hysteresis cycles obtained with the PL model while varying the hardening parameter k. Here,
the initial yield strength is shifted according to the loading history of the tensile specimen.
Fig. 13. Stress–strain behavior for diﬀerent material temperatures and strain rates using the JC plasticity model
Fig. 14. Simulated hysteresis loops while using the PL plasticity model and diﬀerent hardening parameters k
4.3. Simulation results
When using the enhanced SPH continuum model for the simulation of an orthogonal cutting process, the
obtained results show that the presented SPH-MBS coupling formulation is able to reproduce the behavior
of a real machining process. So, during the period when the process of cutting material takes place, the
distribution of von Mises stress shown in Fig. 15 with red meaning high stress and blue indicating a low
level of von Mises equivalent stress can be found. As can be clearly seen, the highest level of stress appears
next to the tip of the tool where the separation of material happens. This zone showing a high magnitude of
stress is surrounded by a zone of mid-level stress color coded in yellow and green. Both the particle layers
located at some distance from the tool tip as well as the parts of the material that form the chip show low
values of von Mises stress indicated by the blue color of the SPH particles. Similar to the experimental
results, a continuous chip is separated from the remaining workpiece material in the cutting simulation. In
this context, it is important to remember that the particles shown in Fig. 15 only illustrate the interpolation
points where the equations of the underlying continuum model are evaluated and not the domain of material
represented by them.
In order to assess the co-simulation model with respect to its applicability to model real cutting processes
also on a quantitative scale, an experimental reference is used that allows to compare the speciﬁc values of
the force acting in feed direction with the simulated ones. When examining the results given in Fig. 16, the
cutting force obtained from the experimental setup shows a steep increase once the tool hits the workpiece
until a steady state is reached. The simulated curve is characterized by a steep rise too, followed by an
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overshoot and an oscillation about a steady state at about the same level observed in case of the experimental
results, but showing a slightly wider range of variation in the cutting force. Except in the transition area
between the steep increase just after the impact has happened and the steady state, the results of the coupled
cutting simulation are in good agreement with the behavior identiﬁed for the experimental specimen. In
addition to the cutting force depicted in Fig. 16, one can ﬁnd such high quality of reproduction also for the
passive force acting perpendicular to it.
Fig. 15. Distribution of von Mises stress obtained for the orthogonal cutting model (red: high stress; blue: low stress)
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Fig. 16. Comparison of experimental and simulated cutting force
5. Simulation of ﬂuid dynamics with the SPH method
Since several years, the SPH method [40] is also used to simulate ﬂuid dynamics, e.g. for free sur-
faces [41–43] or ﬂuid-structure-interaction [44, 45] or multiphase ﬂows [46, 47]. Among the advantages in
simulating ﬂuid dynamics is the simple description of free surfaces and ﬂuid structure interaction. There-
fore, the SPH method is also well suited to simulate scenarios including ﬂuids in combination with solid
bodies. In this section, the description of two simulations is shown whereof the ﬁrst one is a ﬂuid dynamic
simulation dealing with the diﬃculty to model free surfaces and the second one is a complex simulation
scenario combining a ﬂuid with a moving solid body. The SPH method is used for the ﬂuid dynamics simu-
lation and the elastic multibody method is used for the simulation of the dynamic behavior of the solid body.
Primarily, the ﬁrst simulation is not only to show the ability of the SPH method to simulate ﬂuids but also
to validate the SPH method. After a short description of the two simulation scenarios some results will be
presented. The ﬁrst simulation is a three dimensional dam break which can be seen in Fig. 17.
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Fig. 17. Breaking dam, color-coded is the velocity
The breaking dam is a classical example which is commonly used in the SPH community to validate
codes and to show the potential of the SPH method. The origin of this scenario can be found in shipping. The
damage induced by sea wash in shipping is an enormous problem. During storms large amounts of water
slosh on deck of ships. This is called green water loading. The water damages the ship housings, see [48, 49].
To avoid these damages, great eﬀort is spent into research of green water loadings [50]. Considering this
example, it is possible to simulate the impact on the ship housings and to get an idea of the load spectrum
through the water pressure. Applying classical grid based methods to this example would be very diﬃcult
because of the free surface. Also, there are no classical boundary conditions like velocity inlets and pressure
outlets. Therefore, this is a good example to demonstrate the possibilities of the SPH method. Usually, the
simulation results are compared in a qualitative and a quantitative way with experimental data. The free
surface is compared in a qualitative way, while the pressure and the height of the ﬂuid at diﬀerent positions
is compared in a quantitative way.
In this example, the simulation scenario consists of a cuboid shaped tank containing a small obstacle.
The obstacle represents the housing of a ship. Inside the tank the height of the ﬂuid is compared at diﬀerent
points during the simulation. In the initial position the ﬂuid is on the left side of the tank. During the
simulation the ﬂuid is sloshing from the left to the right and back again. The advantage of this simulation
are the relatively simple boundary conditions, because there are no complex inﬂow and outﬂow conditions
needed.
In Fig. 17 the state of the ﬂuid after the impact with the obstacle can be seen. In Figs. 18 and 19 ex-
emplarily two plots of the measurements of the pressure and the height during the simulation are shown.
The pressure is obtained at diﬀerent points at the obstacle and the height at diﬀerent positions in the tank.
The simulation data is compared with experimental data from [51]. The shape of the free surface is in good
agreement with the experimental data. It can be seen that the description of the free surface is very accurate
in contrast to other methods like the level set method. After this simple example, a more complex simulation
scenario, i.e. an elastic pendulum with hydrodynamic damping is described.
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Fig. 18. Pressure at the obstacle at measure point P1
Nowadays, many engineering systems are getting more and more complex. As an example of such
complex systems a simulation is presented which combines the elastic description of a pendulum with the
SPH description for ﬂuids. The simulation can be divided into diﬀerent phases. First, the pendulum is
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completely outside the water and is only moving through air with very little movement resistance. Next,
the pendulum is partly immersed into the water and decelerated through the hydrodynamic forces which act
now on the pendulum.
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Fig. 19. Height of the ﬂuid at measure point H4
The simulation of this system is done using a coupled algorithm. The overall model of the system
consists of two sub models which are modeled separately. One sub model describes the elastic pendulum
which is modeled as an elastic multibody system (EMBS) see [52, 53]. The other sub model is the ﬂuid
which is described by the SPH method. With the EMBS method it is possible to simulate not only the large
displacements but also the elastic deformations of the pendulum. When the pendulum immerses into the
water the free surface decription of the ﬂuid and the interaction of the pendulum with the ﬂuid are especially
demanding. These two aspects can be handled with the SPH method due to its meshless character. There is
no special description necessary for the free surface or the interfaces between the structure and the ﬂuid. In
Fig. 20 the experimental setup and in Fig. 21 the simulation is shown when the pendulum is immersed into
the ﬂuid.
Fig. 20. Experimental setup
Fig. 21. Simulation color-coded is the velocity
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6. Simulating tank vehicles with sloshing liquid cargo
Sloshing liquids in tank vehicles may have a signiﬁcant inﬂuence on the driving dynamics. The tank
geometry and the suspension of a vehicle have to be designed with great care to provide driving stability
and comfort. During the design process, dynamic simulations are an attractive tool to predict the inﬂuence
of diﬀerent design parameters on the vehicle’s driving characteristics.
Several approaches for the simulation of tank vehicles have been proposed in the past decades, mostly
based on the coupling of multibody systems and pendulum models or Eulerian ﬂuid simulation methods,
such as the ﬁnite volume method, see e.g. [54]. However, the pendulum models give only a very crude
approximation of the ﬂuid motion and considering sloshing liquids, the Eulerian approaches have great
diﬃculties in treating the resulting free surface ﬂows.
Therefore, Simpack [55], a commercial MBS simulation software, has been coupled with Pasimodo
via Matlab/Simulink. Thereby, the forces and torques on the tank resulting from the sloshing cargo are
calculated in Pasimodo and applied to the tank body in Simpack. In return, the position and orientation of
the tank geometry in Pasimodo is updated according to the information taken from the MBS simulation.
6.1. Vehicle model
For the simulation of the vehicle, the classical MBS approach [26, 52] is used. A model of the truck with
17 degrees of freedom is created in the MBS modeling and simulation program Simpack, see Fig. 22. The
computation of the tire forces follows the tire similarity model [56]. To account for a driver two additional
degrees of freedom are added which are inﬂuenced by a feedback controlled driver model [57]. All relative
rotations are deﬁned as Cardan angles. The truck dead weight is 10 310 kg with a wheelbase of 3.1 m and
1.66 m track. As the MBS simulation considers the cargo forces and torques on the tank geometry as applied
forces on the tank’s center of gravity supplied by the particle simulator, Simpack does not need any further
information on the tank geometry.
Fig. 22. Schematic representation of the MBS truck model
6.2. Particle model
In contrast to the MBS simulation, Pasimodo needs a detailed internal tank geometry to calculate the
resulting particle forces. But as the motion of the tank is supplied by Simpack, it does not need further
information on the remaining MBS.
While in [58] mainly granular DEM cargo is investigated, the results in this paper are restricted to ﬂuid
SPH cargo. To observe the inﬂuence of diﬀerent design parameters on the driving characteristics of the
vehicle, we perform simulations with two diﬀerent tank geometries, a cylindrical tank with an elliptic cross
section and a square tank. They both have the same length, width and height of 3.0 m, 2.0 m and 1.5 m
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and are ﬁlled with the same mass of cargo, 4 700 kg, which results in diﬀerent ﬁlling heights and particle
numbers. The elliptic tank shows a ﬁlling height of 0.95 m with 2 472 SPH particles, while the square tank
is ﬁlled up to 0.78 m with 2 300 SPH particles.
In the initial setup, the particles are placed along a cubic grid with densities and masses to give a hydro-
static equilibrium and the desired total mass.
6.3. Simulation results
As a benchmark maneuver, a double lane change with an initial velocity of 17.5 m/s is performed. For
another benchmark, a full braking, we refer to [59]. To illustrate the signiﬁcance of the sloshing cargo
regarding the driving stability and comfort, the coupled simulations are compared to simulations with rigid
cargo of equal weight. Its position relative to the tank and its inertia properties were chosen in such a way
that they reﬂect the properties of the particle system at rest. As can be seen in Fig. 23a, the sloshing motion
results in a larger drift to the roadside. But it can also have a beneﬁcial inﬂuence on the vehicle. Between
the ﬁrst and the second lane change, the truck with the rigid cargo shows more side motion and rolling, see
Fig. 23d, while the sloshing seems to dampen these oscillations.
Comparing the two diﬀerent tank geometries, Fig. 23b shows the corresponding normalized lateral dis-
placements of the cargo center of gravity. Clearly, the square tank allows for more sloshing due to the lower
ﬁlling ratio and the less limiting geometry. However, reducing the cargo motion doesn’t necessarily help the
vehicle’s stability as can be seen in Fig. 23a. With an elliptic tank it much more diﬃcult in keep the track
than with the square tank as the lateral displacement is larger and the loss of contact at the rear tires lasts
much longer, see Fig. 23c. Also the rolling is much stronger with the elliptic tank, as shown in Fig. 23d, due
to the higher cargo center of gravity. But also the limited sloshing and, therefore, higher tank forces add to
the rolling motion. In the end, the vehicle with the elliptic tank gets completely unstable and would likely
overturn.
Snapshots of the motion of the truck carrying the square tank and the elliptic tank are depicted in Figs. 24
and 25, respectively.
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Fig. 23. Comparison of diﬀerent tank cross sections and ﬁlling ratios in a double lane change maneuver. (a) Leral displacement
square tank; (b) Normalized cargo center of gravity displacement; (c) Normalized vertical force rear right tire; (d) Frame roll angle
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Fig. 24. Snapshots during a double lane change with a square tank
Fig. 25. Snapshots during a double lane change with an elliptic tank
7. Conclusion
In the present work we demonstrated the power and ﬂexibility of meshless particle methods. The pre-
sented work was carried out using the DEM and SPH as well as a newly developed approach that accounts
for individual particle deformations to simulate quasi-continua with large deformations. It was illustrated
how particle methods can be applied to an ample ﬁeld of applications. The range of possible applications
reaches from brittle to ductile solids, from hard to soft material and, moreover, from solids to liquids. We
demonstrated how an enhanced version of the DEM can be successfully used to simulate the brittle breakage
of rock material. In this type of simulation the DEM particles are connected by stiﬀ elastic breakable rods
to gain the overall behavior of hard brittle material. This apporach is suitable for small deformations as
they are typical for very stiﬀ material. In contrast, for the simulation of soft matter which implies larger
deformations, the same rod-approach induces unacceptable dimensional stability. Therefore, we developed
an enhanced approach that is based on deformable tetrahedral particles that are bonded at their surfaces
to yield a quasi-continuum. The deformability of the simulated solid material is provided by the internal
deformability of the tetrahedral particles. The visco-elastic particle deformations are computed by means
of an unassembled ﬁnite element approach. This method is capable of simulating largely deformable soft
elastic material and covers breakage in case of overload. For the simulation of ductile material, such as
metal, plasticity has also to be considered. Cutting processes are exemplary for such applications that are
dominated by plastic material deformation. As was shown in this article the SPH method is a powerful tool
to simulate such processes by modeling the material based on the govering equations of elasto-plasticity.
The underlying method can be parametrized using the common material parameters, such as Young’s mod-
ulus or the shear ratio, without introducing unphysical model parameters. The co-simulations between SPH
and an MBS demonstrate how SPH may be successfully applied to simulate sloshing liquids in engineering
applications. The demonstrated approach is based on a ﬂuid structure interaction. It allows for a dynamic
exchange of accumulated wrenches acting on certain bodies of the MBS that are imposed by individual
particle-surface contacts. The motion of the MBS in turn drives the particle dynamics.
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